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Trivalent Symmetric Graphs of Order at most 120 
PETER LORIMER 
It is shown that there are exactly 6 trivalent symmetric graphs of order at most 120 which are 
not bipartite and on which no group acts regularly. Their orders are 10, 20, 28, 56, 84 and 102. 
If a group acts as an automorphism group of a graph of valency 3, i.e. a trivalent graph, 
the stabilizer in it of a vertex v has a representation as a permutation group on the vertices 
adjacent to v and as such it has three possible orbit structures. It could have one orbit 
of length 3, it could have an orbit of length 2 and one of length 1, or it could have three 
orbits of length 1. If the group acts transitively on the vertices and there is one orbit of 
length 3, the graph is called symmetric and the group is said to act symmetrically. If there 
are three orbits of length 1 under the full automorphism group, the graph is called 
0-symmetric: if it is connected it is a Cayley graph of the group (see [I] and [5]). 
In a recent book [5], Coxeter, Frucht and Powers have listed nearly all, if not all, of 
the 0-symmetric trivalent graphs with at most 120 vertices. They describe 440 graphs. 
The symmetric trivalent graphs can conveniently be divided into three classes: bipartite 
graphs, graphs on which some group of automorphisms acts regularly and the rest. It 
was one of the objects on Theorem 11 in [8] to describe something of the structure of 
'the rest' in terms of simple groups. That theorem will be exploited here to provide a 
complete list of those among 'the rest' which are connected and have order at most 120. 
This limit was chosen, somewhat arbitrarily, to be the same as that in [5]. 
THEOREM 1. Let 1: be a connected trivalent graph on which a group G acts symmetrically. 
If 1:. is not a bipartite graph and no group of automorphisms acts regularly on 1: and if 1: 
has,no more than 120 vertices then 1: is one of the following graphs. 
1: the Petersen graph of order 10 on which A 5 acts symmetrically; 
2. the graph of vertices and edges of the dodecahedron-this group has 20 vertices and 
A 5 acts symmetrically on it; 
3. the Coxeter graph of order 28 on which PSL(2, 7) acts symmetrically; 
4. A unique graph of order 56 on which PSL(2, 7) acts symmetrically; 
5. A unique graph of order 84 on which PSL(2, 8) acts symmetrically; 
6. the Biggs-Smith graph of order 102 on which PSL(2, 17) acts symmetrically. 
It is not claimed that the groups mentioned are the full automorphism groups of the 
graphs. 
R. M. Foster is compiling a 'census' of the trivalent symmetric graphs up to order 440, 
including the bipartite ones and those on which some group acts regularly. 
I am indebted toT. R. Berger and B. H. Neumann for help with the proof of Theorem 1. 
1. A DESCRIPTION OF THE GRAPHS 
According to [8] a group G acts symmetrically on a trivalent connected graph 1: if and 
only if it has a subgroup H and a member a such that 
(a) a2 E H, 
(b) H n aHa- 1 has index 3 in H 
(c) G is generated by HaH. 
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If v is a vertex of 1:, then H can be taken as the stabilizer of v in G and a can be chosen 
so that a(v) is adjacent to v. If H is a subgroup of G having these properties then G 
acts symmetrically on the connected trivalent graph which has the left cosets of H in G 
as its vertices with xH adjacent to yH if and only if x- 1 y E HaH. 
In the groups A 5 and PSL(2, 7) of orders 60 and 168, H can be taken as a subgroup 
isomorphic to S3 or A 3 , leading to the graphs of orders 10, 20, 28, 56. 
In the group PSL(2, 8) of order 504, H can be taken isomorphic to S3, leading to a 
graph of order 84. 
In the group PSL(2, 17) of order 2448, H can be taken isomorphic to S4 , leading to a 
graph of order 102. 
2. BACKGROUND TO THE PROOF OF THEOREM 1 
The classification described in this paper depends on a number of published theoretical 
results. These will now be listed. 
Throughout this section G, 1:, v, H and a will be as at the beginning of Section I. 1: 
is a finite graph. 
DEFINITION. A t-are in 1: is an ordered (t +I)-tuple oft+ l different vertices in which 
each vertex is adjacent to the one after it. 
DEFINITION. If t ~I, G is said to act !-transitively on 1: if it acts transitively on the 
t-ares of 1: but not on the ( t + 1 )-arcs.1: is called a t-transitive graph if its full automorphism 
group acts !-transitively on it. 
THEOREM A (Tutte [II], [12]). G acts t-transitively on 1: for some t ~ 5. The order of 
His 3.21- 1• 
THEOREM B. If G""' PSL(2, q) for some q then His isomorphic to one of the following 
groups: 
(1) the alternating group A 3, 
(2) the symmetric group S3, 
(3) the dihedral group D 12 of order 12 if 12 divides q -I or q + 1. 
(4) The symmetric group s4 if 16 divides q2 -1. 
This follows from Theorem A and the Theorem of L. E. Dickson which lists all the 
subgroups of PSL(2, q)-see [7, page 213]. 
If K is another subgroup of G and H £ K then a graph can be defined on the left 
cosets of K in G by using the double coset KaK. This new graph is called the quotient 
graph of 1: defined or induced by K. This construction is of particular relevance when there 
is a normal subgroup N of G such that K = HN. Then KaK = HaK and the quotient 
graph has valency 3. For details of quotient graphs see [8]. These notations apply to the 
next two Theorems. 
THEOREM C (Lorimer [8]). If 1: is not a bipartite graph and N is a normal subgroup of 
G then either 
(I) N acts regularly on the vertices of 1:, or 
(2) N acts symmetrically on 1:, or 
(3) H n N =I, the quotient graph A defined by HN has valency 3, N is the kernel of the 
representation of G as a group of automorphisms of A and G / N acts symmetrically 
on A. 
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N is said to act semi-regularly on .1: if it contains no member, except 1, which fixes a 
member of .1:. If, in addition, it acts transitively, it is said to act regularly. 
THEOREM D (Lorimer [8]). Let G1 be a subgroup of G, minimal among the subgroups 
of G which act symmetrically on .1:. Let G2 be a subgroup of Gt. maximal among those 
normal subgroups of G 1 which act semiregularly on .1:. Then either G2 acts regularly on .1: 
or G1/ G2 acts symmetrically as a group of automorphisms of the quotient graph defined by 
( G 1 ll H)G2 • This graph has valency 3. 
One result from group theory which is needed is a Theorem of Gaschiitz (see [7, page 
121 ]). 
THEOREM E. Let N be an abelian normal subgroup of G, suppose N c:; B c:; G and that 
the order of N and the index of B in G are relatively prime. If N has a complement in B 
then it also has a complement in G. 
3. THE PROOF OF THEOREM 1 
Let .1: be a graph which satisfies the hypotheses of Theorem 1: .1: is a trivalent symmetric 
graph of order not greater than 120, it is not a bipartite graph and no group acts regularly 
on it as a group of automorphisms. Let G be a group which acts as a symmetric group 
of automorphisms of .1: and suppose that G has no proper subgroup with this property. 
Let v be a fixed vertex of .1: and let H be its stabilizer in G. Let x, y, z be the vertices 
of .1: adjacent to v and let a, b, c be members of G with the properties a( v) = x, b( v) = y, 
c(v) = z and a2 , b2 , c2 E H. Let N be a subgroup of G which is maximal among the normal 
subgroups of G which act semi-regularly on .1:. Put D = HaH. These notations are justified 
by Theorem D from which it also follows that G is generated by D and G/ N is a simple 
group. 
The notations established in the last two paragraphs will be maintained throughout 
this section. 
The proof of Theorem 1 is organized into a lemma and six propositions. 
LEMMA 2. (a) HN has even index in G; (b) G has no subgroup of index 2 which 
contains H. 
PROOF. (a) By Theorem C, G/ N acts as a symmetric group of automorphisms of a 
trivalent graph and HN /IN is the stabilizer of one of its vertices. If this graph has a 
vertices, it has ~a edges and hence a is even i.e. HN has an even number of cosets in G. 
(b) Let L be a subgroup of index 2 in G which contains H. As G is generated by 
H and a, a e L and G = L u aL. As H c:; L, HaH c:; aL, half the left co sets of H lie in L 
and the other half lie in aL. As HaH c:; aL, the cosets of H in L, regarded as vertices of 
.1:, are joined only to cosets in aL. Thus .1: is bipartite, a possibility which is excluded by 
hypothesis. 
PROPOSITION 3. One of the following is true 
(1) G/ N""' As, H""' A3 and jNj <S: 6; 
(2) G/ N""' As, H""' s3 and IN! <S: 12; 
(3) G/ N"'=PSL(2, 7), H=A3 and jNj<S:2; 
(4) G/ N = PSL (2, 7), H""' S3 and jNj <S: 4; 
(5) G= PSL(2, 9), H =A3 and N = 1; 
(6) G/N=PSL(2,9), H"'=S3 and jNj<S:2; 
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(7) G = PSL (2, 8), H = S3 and N = 1; 
(8) G = PSL (2, 17), H = S4 and N = 1. 
Some of these possibilities will be excluded later. 
PROOF. By Theorem A, the order of His at most 48. As l: has at most 120 vertices, 
H has index at most 120. Thus G has order at most 120.48 = 5760. 
According to Hall [6], the simple groups of order at most 5760 are PSL(2, q), 5""' q""' 19, 
A 7 and PSL(3, 3). As G/ N is simple it must be isomorphic to one of these groups. (n.b. 
A 5 = PSL(2, 5) and A 6 = PSL(2, 9).) 
Suppose that G/ N = PSL(2, q) where q is odd. In this case G/ N has order 4q(q -1) x 
( q + 1) and the order of G is a multiple of this, say 4aq( q- 1 )( q + 1 ). Consider the 
possibilities from Theorem B, one at a time. If H is isomorphic to A 3 , then G has order 
at most 360 and 
!aq(q -1)(q + 1)"" 360. 
The solutions of this equation are: 
q = 5 and a ""' 6; q = 7 and a ""' 2, q = 9 and a = 1. 
If H is isomorphic to S3 then 
!aq(q -1)(q + 1)"" 720. 
The solutions of which are: q = 5 and a""' 12; q = 7 and a""' 4; q = 9 and a""' 2. If H is 
isomorphic to D 12 then, by Theorem B, 12 divides q- l or q + 1. As 5""' q""' 17, the only 
possibilities are q = 11 or 13. However, a subgroup of PSL(2, 11) or PSL(2, 13) which is 
isomorphic to D 12 has odd index, a possibility which is excluded by Lemma 2. Finally, 
suppose that H is isomorphic to S4 • Then, by Theorem B, 16 divides q2 -1 and the 
possible values in the range 5""' q""' 19 are q = 7, 9 and 17. But a subgroup isomorphic to 
S4 has odd index in PSL(2, 7) and PSL(2, 9) which is excluded by Lemma 2. If q = 17, 
the only solution of 
4aq(q -1)(q + 1)"" 24.120 
is a = 1. This accounts for all cases in the Theorem except (7). 
Next, suppose that G/ N = PSL(2, q) where q is even. As 5""' q""' 17, q = 8 or q = 16. 
According to Theorem B, H is isomorphic to either A 3 or S3• If H is isomorphic to A 3 
then G has order at most 360 while if H is isomorphic to S3 the order of G is at most 
720. As PSL(2, 8) has order 504 and PSL(2, 16) has order 4080, the only possibility is 
G = PSL(2, 8) and H = S3 • 
Of the groups in Theorem B, A7 has subgroups isomorphic to A 3, S3, D 12 and S4• If 
G / N is isomorphic to A 7 and N has order a then 
2520a""' 120,8""' 120.24 
where ,8 is in the order of H. The only solutions of these inequalities are a = 1 and ,8 ~ 21. 
However, the subgroup of A 7 isomorphic to S4 has odd index, a possibility excluded by 
Lemma 2. 
Finally, suppose G/ N is isomorphic to PSL(3, 3). As this group has order 5616 and 
5616 > 120.46, the only possibility is that H has order 48 and G = PSL(3, 3). However, 
5616 = 48.117 and, as 117 is odd this case cannot occur. (It follows directly from the result 
on [1, p. 125], that PSL(3, 3) acts 4-transitively on a trivalent graph of order 234.) 
This completes the proof of Proposition 3. The different outcomes of this Proposition 
will now be treated one by one. 
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PROPOSITION 4. If Gl N is isomorphic to As then N = 1 and 1: is the Petersen graph of 
order 10 or the graph of vertices and edges of the dodecahedron, which has order 20. 
PRooF. As contains just one class of elements of order 3, the 3-cycles. If h is one of 
these, there are six involutions which generate As with h: if h =(123) these are (14)(25), 
(15)(24), (24)(35), (25)(34), (34)(15) and (35)(14). If a is one of these six, a and h generate 
As according to the relations 
a 2 = h3 =(ah)s= 1. 
Each element h of order 3 in As is contained in just one subgroup isomorphic to S3 : 
if h = (123) this subgroup is {1, (123), (132), (12)(45), (23)(45), (13)(45)}. The six involutions 
which generate As with h are the only involutions which generate As with the subgroup 
which is isomorphic to s3 and contains h. 
Suppose, now, that G is as in Proposition 3, (1) or (2). In the rest of this proof h will 
always be an element of order 3 in H and, if H = S3 , b will be the unique element of H 
which commutes with a. 
Let K be the centralizer of N in G. As N is a normal subgroup of G, so is K. As GIN 
is simple, either K c;; Nor KN =G. If K c;; N then Gl K is a group of automorphisms 
of K which is impossible as Gl K has A 5 as a factor group and N has order at most 12. 
Thus KN=G. 
Suppose K ¥- G. From Theorem C with K in place of N it follows that either K acts 
regularly on 1: or it acts symmetrically or H n K = 1. By assumption, no group acts 
regularly on 1: and G contains no proper subgroup which acts symmetrically: hence 
H n K = 1. As K does not act regularly, HK ¥- G. As G is generated by HaH, a~ HK. 
As GIK=NKIK=NINnK, GIK hasorderatmost 12. 
Suppose that G is as in Proposition 3( 1). Then H = A 3 and I Nl ~ 6. As H n K = 1, the 
subgroup HKI K of Gl K has order 3. As HK ¥- G, HK must have index 2 in G, a 
possibility excluded by Lemma 2. 
Suppose that G is as in Proposition 3(2). Then H = S3 and INI ~ 12. As H n K = 1, the 
subgroup HKI K of Gl K has order 6. As HK ¥- G the only possibility is that Gl K has 
order 12 and HK has index 2 in G, a possibility excluded by Lemma 2. 
These considerations were based on the assumption that K ¥- G. Hence K = G and N 
is the centre of G. In particular, N is abelian. 
The group G is generated by Hand a. As Gl N=As, Gl N is not generated by H. 
Thus a~ N. 
As a 2 E Hand H n aHa- 1 has index 3 in H, a is either an involution or it has order 
4. As As contains no element of order 4 it must be that a2 = 1. Let h be an element of 
order 3 in H. As G is generated by H and a, GIN is generated by HN and aN. As 
GIN= As, it is generated by hN and aN according to the relations 
(aNi =(hN)3 = (ahN)s= N. 
Thus 
a 2 =h3 =1, (ah)s=zEN 
Let G 1 be the subgroup of G generated by a and h. If H = A3 then G = G 1• Suppose 
that H = S3• As a 2 = 1, a normalizes H n aHa -I and, hence, ab = ba. As H = S3, hb = bh - 1• 
Thus b normalizes G1• As G is generated by H and a, G = G1 u bG1• As H n G 1 has 
order 3 and H has order 6, H n G 1 has the same number of cosets in G1 that H has in 
G. Thus G 1 acts transitively on 1: and, because H n G has order 3, even symmetrically. 
This contradicts the minimal property of G. Hence, G is generated by a and h which 
satisfy the relations 
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Now, a2 = h3 = ( ah )s = 1 is a set of defining relations for As= GIN. Thus N is generated 
by a 2, h3, (ah)s and all their conjugates in G. As a2 = h3 = 1 and (ah)s lies in the centre 
of G, N is generated by z = ( ah )s. Suppose that z has order r. Then 
a 2 =h3 =zr=l, (ah)s=z, za=az, zh=hz. 
The analysis now turns to the study of N using Theorem E due to Gaschiitz. 
Let P be a Sylow p-subgroup of N for some p -,1:- 2, 5. As N is abelian, P is a normal 
subgroup of G and Q = P u hP u h2 P is a subgroup of G. As P has a complement in Q, 
namely {1, h, h2} and p is not a factor of the index of Q in G, it follows from Theorem 
E that P has a complement P1 in G. As P lies in the centre of G, G is the direct product 
of P and P1• If p -,1:-3, P1 contains all the Sylow 2-subgroups and 3-subgroups of G and 
hence contains a and h which generate G. Thus G = P1 and P = 1. Suppose p = 3 and 
P -,1:- 1. Then P1 contains all the Sylow 2-subgroups of G and hence contains a. As G is 
generated by a and h and P1 is a normal subgroup containing a, 
G= P1 u hP1 u h2 P1• 
If H = {1, h, h2} then P1 is a normal complement of H in G and so acts regularly on ~ 
contrary to hypothesis. Hence His isomorphic to S3 ; b lies in P1 and hence bhb-
1 E hP1• 
However, bhb -I = h-I E h2 P1, a contradiction. Thus, the Sylow 3-subgroup of N is trivial 
as are the Sylow p-subgroups for p .,t:. 2, 5. 
Next, let P be a Sylow 5-subgroup of N. Let Q be a Sylow 5-subgroup of G which 
contains P. Then QN IN is a Sylow 5-subgroup of Gl N which is isomorphic to As. 
Hence QN IN is cyclic of order 5 and there is an involution of Gl N which maps each 
element of QN IN onto its inverse. Let x be a member of Q- P. Then G contains a 
member y such that yxy- 1 = x- 1 n for some n EN. As xs EN 
xs = (yxy-li = x-sns. 
:. (x 2 ni = 1 
and the subgroup generated by x 2 n is a complement of P in Q. Thus, by Theorem E, P 
has a complement, say P" in G. As P lies in the centre of G, G is the direct product of 
P and P1• As the order of Pis a power of 5, every element of order 2 or 3 lies in P1• In 
particular, a, h E P1 and, as G is generated by a and h, G = P1 and P = l. 
As no other prime is a divisor of the order of N, N must be a 2-group. 
Let Q be a subgroup of N which has index 2 in N. Then the members aQ and hQ of 
G I Q satisfy the relations 
(aQ)2 = (hQ) 3 = (ahQ) 10 = Q. 
Put k = ( ahQ)5• Then ( kQl = Q and 
( akQ)2 = (hQ)3 = ( akhQ)s = Q. 
Thus akQ and hQ generate a subgroup P1  Q of G I Q which is isomorphic to As. As 
N I Q is the centre of G I Q, G I Q is the direct product of P11 Q and N I Q. As N I Q has 
order 2, P11 Q is a subgroup of index 2 and P1 is a subgroup of G of index 2. Hence, by 
Lemma 2, His not a subgroup of P1• Thus H = S3 and G = P1 u bP1• In these circumstances 
H n P1 has the same number of cosets in P1 that H has in G, i.e. P1 acts transitively on 
the vertices of ~. As hE P1 it also acts symmetrically which is not possible because of 
the minimal property of G. Hence N has no subgroup Q of index 2 and as N is a 2-group 
it follows that N = 1, G =As, and ~ is one of the two trivalent graphs on which As acts 
symmetrically. 
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PROPOSITION 5. If GIN= PSL(2, 7), then N = l and 1: is either the Coxeter graph of 
order 28 or a uniquely defined graph of order 56. 
PRooF. PSL(2, 7) has just one class of elements of order 3. If h is one of these, then 
A= { 1, h, h2} is a subgroup isomorphic to A 3 and A is contained in just one subgroup B 
isomorphic to S3 • Thus h is contained in two subgroups isomorphic to S4 and they intersect 
in B. Outside these two subgroups lie 6 involutions which generate PSL(2, 7) together 
with h and these are conjugates of one another under the action of B. If a is one of them, 
then a and h generate PSL(2, 7) by the relations 
a 2 = h3 = (ahf = (ah 2 ah)4 = 1. 
These relations come from [ 4, page 96] with a = R, h = S. 
If b is an involution of B, then PSL(2, 7) contains a unique pair {a, a- 1} of elements 
with the property that a2 = (a- 1) 2 =b. In these circumstances, a and h generate PSL(2, 7) 
according to the relations 
a
4
= h3 = (ahf = (a 2h)2 = 1. 
(This was checked by Ian Hawthorne using a coset enumeration program that he wrote.) 
No involution which commutes with b generates PSL(2, 7) together with H. 
As PSL(2, 7) has order 168, the subgroups A and B with the relevant element a define 
graphs of order 56 and 28 on which PSL(2, 7) acts symmetrically. Because of the way 
these graphs are constructed, they are unique. 
Consider, now, the possibility described in Proposition 3(3). AsH n aHa- 1 has 3 cosets 
in H which is isomorphic to A 3 , H n aHa 1 = 1. As a 2 E H n aHa_,, a2 = 1. Hence if h 
is an element of order 3 from H, G is generated by a and h. Moreover, GIN is generated 
by aN and hN so that 
Now INI~2 so that N is the centre of G. 
Consider the equation (ah 2 ah)4 = z2• As h3 = 1, it can be rewritten as (h 2 ahah 2 ah )a= 
azzCh 2 ahah 2 ah). Thus a and az2 are conjugate. Suppose z2 ~ 1. Then the coset aN= {a, az2} 
contains only involutions and so does every coset of N which is conjugate to aN in 
Gl N. As all the involutions of Gl N are conjugates, (ah 2 ah)2 N is one of these. Thus 
( ah 2 ah t = 1 i.e. z2 = 1 and G is generated by a and h subject to the relations 
a2 = h3 = (ah 2 ah)4 = l, (ahf = z,. 
Suppose z1 ~ l. Then zi= l and 
(az1) 2 = h3 = (az1h2az 1h)4 = (az, hf = 1. 
Thus az1 and h generate a subgroup G 1 of G isomorphic to PSL(2, 7). As IN!= 2, G 1 has 
index 2 in G, contradicting Lemma 2 because H r;;_ G,. 
Thus z 1 = 1, G = PSL(2, 7), and 1: is the unique graph of order 56 referred to at the 
beginning of this proof. 
Consider the possibility in Proposition 3(4). Let h be an element of order 3 in H. As 
D = HaH where a2 E H and H n aHa- 1 has index 3 in H, a2 must be an involution of 
H. Thus aN and hN generate GIN according to the relations 
(aNt= (hN)3 = (ahNf = (a2 hN)2 = N 
and 
Suppose that (ah)7 =zEN. 
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As N has order at most 4 and GIN is a simple group of order 168, N is the centre 
of G. 
Suppose that z4 = 1. Then 
(az)4 = h3 = ((azih)2 = (azhf = 1 
and az, h generate a subgroup G 1 of G isomorphic to PSL(2, 7). As N is the centre of 
G it must be that G = G 1 x N, a direct product. If N has order 2, then G 1 has index 2 
in G. Then h and a 2 both lie in G 1 and H c:;_ a~. a possibility excluded by Lemma 2. 
Suppose that N has order 4. As G1 has index 4, hE G 1 and, as G is generated by a and 
h, G = G 1 u aG1 u a2 G 1 u a 3 G 1 and G 1 u a2 G 1 is a normal subgroup of index 2 in G. 
Also, H c:;_ G~. contradicting Lemma 2. 
Hence, under the assumption that z4 = 1 it follows that z = 1 and G = PSL(2, 7). In this 
case the graph is the Coxeter graph of order 28. 
As N has order at most 4, the other possibility is that N has order 3 and z is a generator 
of N. The group P = N u hN u h2 N has order 9 and is a Sylow 3-subgroup of G. As N 
has a complement {1, h, h2} in Pit also has, by Theorem E, a complement G1 in G. As 
N is the centre of G, G = 0 1 x N, a direct product. As N has order 3, every 2-element 
of G lies in G 1• As G is generated by hand a, hi 0 1• As a 2 E G 1 it follows that {I, a 2} 
is a normal subgroup of H of order 2. As H = S3 this is not possible. Hence the possibility 
INI = 3 does not arise and the proof of Proposition 5 is complete. 
PROPOSITION 6. GIN is not isomorphic to PSL(2, 9) i.e. cases (5) and (6) of Proposition 
3 do not occur. 
PROOF. It will be shown that PSL(2, 9) is not generated by a subgroup isomorphic to 
s3 and an involution. 
It is convenient to use the isomorphism PSL(2, 9) = A 6 and take the members of PSL(2, 9) 
as the even permutati·Jns on {1, 2, 3, 4, 5, 6}. 
Suppose that A 6 is generated by H = S3 and the involution a. 
A6 contains two conjugacy classes of subgroups isomorphic to S3 , one generated by 
(123) and (12)(45), and the other by (123)(456) and (12)(45). As these subgroups are 
conjugates within the automorphism group of A 6 it may be supposed, without loss of 
generality that H is the first. 
As a 2 E H and H n aHa- 1 has index 3 in H, cither a2 = 1 or a 2 = (12)(45) or (13)(45) 
or (23)(45). As the three involutions here are conjugate within H it may be assumed, 
without loss of generality, that a2 = (12)(45) or a2 = 1 and a commutes with (12)(45). 
As every member of H fixes 6, a cannot fix it. As a 2 fixes 3 and 6, a must interchange 
them. As no element of order 4 in A 6 interchanges 3 and 6 it must be that a2 = 1. As a 
commutes with (12)(45) the only possibilities are a= (12)(36) and a= (45)(36). In either 
case every member of the subgroup of A 6 generated by H and a fixes 4 and 5 or 
interchanges them, which is not possible as H and a generate A 6 • This contradiction 
establishes Proposition 6. 
PROPOSITION 7. If G = PSL(2, 8) then 1: is a unique graph of order 84. 
PRooF. Suppose G = PSL(2, 8). Then, by Proposition 3(7), H = S3 • As the Sylow 
2-subgroups of PSL(2, 8) are elementary abelian of order 8, D = HaH where a is an 
involution and H n aHa -I = {I, t}, say where t is also an involution. Clearly at= ta and 
at is also an involution. Hence HaH contains two involutions in the centralizer of t and 
t determines three double cosets. However, these are conjugate to one another in the full 
automorphism group PSL(2, 8). 
Trivalent symmetric graphs 171 
PSL(2, 8) contains just one conjugacy class of subgroups isomorphic to S3 so, by the 
previous paragraph, PSL(2, 8) determines a unique graph of order 84. As it follows from 
[7, page 213] that the double coset HaH in the last paragraph generates PSL(2, 8), the 
graph is connected. 
PROPOSITION 8. If G = PSL(2, 17) then 1: is isomorphic to the Biggs-Smith graph of 
order 102. 
PROOF. By [7, Theorem 8.18], PSL(2, 17) has two classes of subgroups isomorphic to 
S4 , and these are conjugate in PG L(2, 17). 
The Sylow 2-subgroups of S4 and PSL(2, 17) are isomorphic to D8 and D 16, respectively, 
and each of the former is contained in only one of the latter. 
Now, by Proposition 3(8), H = S4 and asH n aHa- 1 has index 3 in H, H n aHa- 1 = D8 • 
As a2 E H, a is contained in the unique subgroup of PSL(2, 17) which is isomorphic to 
D 16 and contains H n aHa -I. Thus PSL(2, 17) acts symmetrically on a unique graph of 
order 102: this is the connected graph described by Biggs and Smith [2]. 
Proposition 8 finally completes the proof of Theorem 1. 
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